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Figure 1: A two component link containing a closed embedded totally geodesic surface of genus 6.
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1 Introduction
In the study of 3-manifolds, embedded essential surfaces have played a prominent role (see e.g.
[37], [36], and [14]). In [24], Menasco and Reid study the geometry of closed embedded surfaces in
hyperbolic link complements in S3. The main question under investigation is of existence of closed
embedded totally geodesic surfaces in such manifolds. In particular, they describe an eight compo-
nent link in S3 (whose construction they attribute to W. Neumann) with hyperbolic complement
containing a closed embedded totally geodesic surface. They also prove that the complement of
a hyperbolic knot which is either alternating, 3-braid, or has 2-generator knot group cannot con-
tain a closed embedded totally geodesic surface. They make the following conjecture (see also [20],
Problem 1.76).
Conjecture 1.1 There are no hyperbolic knots in S3 which contain closed embedded totally geodesic
surfaces in their complement.
Since [24], Conjecture 1.1 has also been verified for toroidally alternating knots [2] (which includes
almost alternating knots [4] and Montesinos knots [28]), 3-bridge knots and double torus knots [19],
and 4-braid knots [21].
A totally geodesic surface F in a hyperbolic 3-manifold M with toroidal boundary has the
property that M/F is acylindrical (here M/F denotes M cut along F , which we take to be the
path metric completion of M \ F ). Thus, failure of M/F to be acylindrical is an obstruction to F
being totally geodesic. In [6] it is shown that there exists hyperbolic knots K ⊂ S3 with S3 \ K
containing surfaces F such that (S3 \K)/F is acylindrical. This is essentially the only evidence for
a counter-example to Conjecture 1.1.
In this paper we attempt to provide more evidence for such a counter-example, by showing that
it is possible to get “as close as possible” to hyperbolic knots in S3 with totally geodesic surfaces in
their complements. There are several meanings of “close” which we consider, and in all cases, we
construct examples as close as possible in that sense.
To begin with, we could simply take “close” to mean that the number of components is as small
as possible. In Section 3 we find links with only two components which contain embedded totally
geodesic surfaces in their complements.
Theorem 3.1 For any even integer g ≥ 2, there exists a two component hyperbolic link in S3 which
contains an embedded totally geodesic surface of genus g in its complement.
Recall that for a surface in a Riemannian 3-manifold, the principal curvatures at a point mea-
sure the deviation of that surface from being totally geodesic at that point (see Section 2). Thus a
hyperbolic knot with a surface of small principal curvature is “close” to a totally geodesic surface.
In section 4 we prove
Theorem 4.1 For any g ≥ 3 and any ǫ > 0, there exists a hyperbolic knot K ⊂ S3 containing
a closed embedded surface of genus g in its complement whose principal curvatures are bounded in
absolute value by ǫ.
We could also take “close” to mean that the knot complement has pinched negative sectional
curvature with small pinching ratio, and it contains an embedded totally geodesic surface. A slight
modification of the construction of Theorem 4.1, along with the ideas of the proof of the Gromov-
Thurston 2π-Theorem gives us
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Theorem 4.2 For any g ≥ 3 and any ǫ > 0, there exists a knot K ⊂ S3 with complement sup-
porting a Riemannian metric with negative sectional curvatures pinched between −1− ǫ and −1+ ǫ,
which contains a closed embedded totally geodesic surface of genus g.
Two other notions for getting “close” are known to hold. First, one can remove the requirement
that the surface be embedded. In this case, we see from [22] and [23] that the figure eight knot com-
plement contains infinitely many closed, immersed, totally geodesic surfaces. Second, we can require
only that our surfaces have finite area. Students in an R.E.U. under the direction of Colin Adams
have recently constructed knots in S3 which contain embedded totally geodesic cusped surfaces (see
[3], [5], and also §4.4). For the sake of completeness, we have included such examples (Example 4.5)
in §4.4.
We also note that not only do small principal curvature surfaces behave geometrically like totally
geodesic surfaces, but they also exhibit many of the same topological properties. Evidence of this was
provided by Thurston who noticed that if the principal curvatures are strictly bounded by 1 in ab-
solute value, then the surface is incompressible (see [7] and also Section 5). In Section 5 we continue
with this comparison and show that the manifold obtained by cutting open along a surface with suf-
ficiently small principal curvatures is acylindrical, with an obvious exception. In particular, we prove
Theorem 5.2 Given g, r > 0, there exists δ > 0 with the following property. If F is an embedded,
closed, orientable surface in an oriented finite volume hyperbolic 3-manifold M , with genus(F ) ≤ g,
injrad(F ) ≥ r, and principal curvatures of F bounded by δ in absolute value, then either F bounds
a twisted I-bundle in M , or M/F is acylindrical.
The possibility that F bounds a twisted I-bundle is necessary since as ǫ→ 0, the ǫ-neighborhood
of a non-orientable totally geodesic surface has principal curvatures approaching 0.
We have presented Theorems 3.1, 4.1, and 4.2 as evidence for a negative resolution to Conjecture
1.1. On the other hand, if Conjecture 1.1 is true these theorems indicate the difficulty in a geometric
approach to proving it. As Theorem 5.2 shows, it can be difficult to distinguish, both geometrically
and topologically, between totally geodesic surfaces and surfaces with very small principal curvatures.
Furthermore, the totally geodesic property for a surface is unstable, and many of the coarse geometric
methods for studying hyperbolic 3-manifolds are often a bit too insensitive to this.
We remark that from a number theoretic point of view (in terms of the holonomy representa-
tion of the 3-manifold), totally geodesic surfaces are easily distinguished from every other type of
surface. Moreover, arithmetic information, along with the topological information of being a knot
complement in S3 has already proven to be very restrictive indeed (see [33]).
The paper is organized as follows: Section 2 contains a few definitions and theorems from 3-
manifold topology and Riemannian and hyperbolic geometry necessary for our work. In Section
3, we construct the required hyperbolic links with totally geodesic surfaces in their complements.
Section 4 contains the various constructions of the required knots. In Section 5 we prove Theorem
5.2. Section 6 includes two questions related to Conjecture 1.1.
Acknowledgments. Thanks to Alan Reid, Lewis Bowen, and Joe Masters for helpful conversations
regarding this work and to The University of Texas at Austin for allowing me to work there during
the summer 2002. Special thanks to Alan for his encouragement in writing this up.
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2 Background
2.1 3-manifolds
Here we collect some of the basic facts and definitions concerning 3-manifolds and orbifolds, and
Dehn filling, see [17], [34], [27], and [35] for more details.
An orientable properly embedded surface (F, ∂F ) in a compact, orientable 3-manifold (or 3-
orbifold) (M,∂M) is incompressible if F 6∼= D2, F 6∼= S2, and the inclusion induces an injection on
(orbifold) fundamental group. F is essential if F is incompressible and is not properly homotopic
into ∂M . M is acylindrical if it does not contain an essential annulus.
Let ∂0M ∼= T 2 be a torus boundary component of M (which we assume is disjoint from the
singular locus for orbifolds). A slope on ∂0M is an isotopy class of unoriented essential simple
closed curves on ∂0M . Slopes on ∂0M are in a 2 to 1 correspondence with primitive elements of
H1(∂0M ;Z) ∼= Z2, with the ambiguity coming from the lack of orientations. We will often ignore
this ambiguity, making no distinction between slopes and primitive elements of H1(∂0M ;Z).
Let µ and λ denote generators for H1(∂0M ;Z). Slopes on ∂0M then correspond to co-prime
integer pairs in Z2 by associating the pair (p, q) to the slope pµ+ qλ (note that (p, q) and (−p,−q)
represent the same slope).
Given a slope α on ∂0M , one can form a new orbifold (or manifold, whenM is a manifold)M(α)
by α-Dehn filling on ∂0M , as follows. Let S
1 × D2 be a solid torus. Choosing a homeomorphism
h : ∂(S1 ×D2)→ ∂0M , so that h(∗ × ∂D2) represents α, we can glue S1 ×D2 to M by identifying
points x and h(x). The resulting space is an orbifold (or manifold), and up to homeomorphism,
depends only on α. If we have chosen a basis µ, λ for H1(∂0M ;Z) and α is given by (p, q), we denote
M(α) by M(p, q). Note that there is a natural inclusion i :M →M(α).
A variation of this construction that we will make use of is orbifold Dehn filling, which we now
describe. Given an integer d > 1 and a slope α on ∂0M , we first construct M(α). The new orbifold,
denoted M(dα), is gotten by giving the core curve, S1 × {0}, in the filling solid torus a transverse
angle of 2π/d, making it (part of) the singular locus with local group Z/dZ. We say that M(dα) is
obtained from M by dα-orbifold Dehn filling, or simply dα-Dehn filling. For convenience, we will
refer to the positive integer and slope together, dα, as a generalized slope. As above, if µ, λ is a basis
for H1(∂0M ;Z), and α is given by (p, q), we denote M(dα) by M(dp, dq).
It will often be the case that we wish to fill several boundary components of a compact manifold
M . If we have the toroidal boundary components ofM labelled ∂1M, ..., ∂kM , if djαj is a generalized
slope on ∂jM for j = 1, .., k, then (d1α1, ..., dkαk)-Dehn filling on M , denoted M(d1α1, ..., dkαk), is
the result of djαj-Dehn filling each of ∂jM , for each j = 1, ..., k. When we wish to fill only some of
the toroidal boundary components, we use the ∞ symbol in place of the slope information. Thus,
M(d1α1,∞, d3α3, d4α4,∞) is the orbifold for which ∂1M , ∂3M and ∂4M have been filled along
d1α1, d3α3, and d4α4 respectively, while ∂2M and ∂5M remain un-filled.
Given a compact 3-manifold containing a tame link L ⊂ M , we let N(L) denote an open
tubular (or regular) neighborhood of L. The exterior of L in M is given by XM (L) = M \ N(L).
∂XM (L) \ ∂M is a disjoint union of tori. In the special case that M = S
3 we will write XS3(L) =
X(L).
Convention 2.1 As is commonly done, we will often make no distinction between the complement
of L and the exterior of L, denoting both by XM (L). Quite often this distinction is unimportant.
However, when it is, it should be clear from the context which we are referring to. This convention
greatly simplifies the notation and consequently the exposition.
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2.2 Riemannian geometry
We review some terminology and facts from Riemannian geometry. See [15] for more details.
Let M be a smooth manifold with a Riemannian metric g, Levi-Civita connection ∇, and asso-
ciated covariant derivative D
dt
. Given a point p ∈ M , and a 2-dimensional subspace σp ⊂ Tp(M),
we denote the sectional curvature at σp by K(σp). When we wish to emphasize the metric, we may
write Kg(σp).
For any unit speed path γ : [a, b]→M the geodesic curvature of γ is defined to be the function
κγ : [a, b]→ R given by
κγ =
√
g
(
Dγ
dt
,
Dγ
dt
)
This function measures the deviation of γ from being geodesic: γ is a geodesic if and only if κγ = 0.
Suppose now that M is 3-dimensional and let F ⊂ M be an oriented surface in M . The
orientations on F and M determined a unique unit normal field η : F → TF⊥. Here TF⊥ is the
orthogonal complement to TF in TM .
The surface F naturally inherits a Riemannian metric gF for which the inclusion is an isometric
embedding. We denote the Levi-Civita connection on F determined by gF by ∇F , which is given
by projecting ∇ onto TF . More precisely, for any vector fields X,Y on F , taking any smooth
extensions to a neighborhood in M , X,Y , we have
∇FXY = πT∇XY
where πT : TM |F → TF is the orthogonal projection.
Projecting ∇ onto TF describes the intrinsic geometry of F . By projecting ∇ onto TF⊥ we
can describe the extrinsic geometry of F ⊂ M . This is most conveniently measured by the second
fundamental form, Π, which is a symmetric bilinear form on TF defined by
Π(X,Y ) = g(∇XY , η)
where X,Y and X,Y are as above.
Together, Π and gF dually determine the shape operator
Sp : TpF → TpF
at every p ∈ F , by the formula gF (Sp(X), Y ) = Π(X,Y ). Sp is symmetric, and the pair of real
eigenvalues of Sp, λ1(p), λ2(p), are the principal curvature of F in M at p. F is totally geodesic
when λ1 and λ2 vanish.
If γ : [a, b] → F is any unit speed geodesic in F , then we may view γ as a unit speed path into
M , and as such we can consider its geodesic curvature, κγ . This is bounded by
κγ(t) ≤ max{|λ1(γ(t))|, |λ2(γ(t))|} (1)
The sectional curvatureKg(TpF ) and the sectional (or Gaussian) curvatureKgF (TpF ) are related
by the following
Theorem 2.2 (Gauss) Suppose F ⊂M is as above. Then for every p ∈ F
KgF (TpF )−Kg(TpF ) = λ1(p)λ2(p)
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2.3 Hyperbolic geometry
We recall a few facts from hyperbolic geometry. See [35], [9], and [32] for more details.
Hyperbolic n-space, denoted Hn, is the unique (up to isometry) complete, simply connected n-
manifold with constant sectional curvature -1. One model for hyperbolic n-space, is the upper half
space
{(x1, ..., xn) ∈ R
n : xn > 0}
equipped with the metric
ds2 =
dx21 + ...+ dx
2
n
x2n
We will make no distinction between hyperbolic space and the upper half space model of hyperbolic
space. The group of isometries of Hn will be denoted by Isom(Hn)
A hyperbolic n-manifold is a complete Riemannian n-manifold with constant sectional curvature
-1. The universal cover of any hyperbolic n-manifold is isometric to Hn with the pull-back metric.
Consequently, the covering group of M acts by isometries, and so we may view
M = Hn/Γ
where Γ < Isom(Hn) is a discrete torsion free group isomorphic to π1(M). We will also consider
such quotients in which Γ is allowed to have torsion. In this case the quotient Hn/Γ is a hyperbolic
n-orbifold.
A horoball is the image of the set
H0 = {(x1, ..., xn) ∈ H
n : xn ≥ 1}
under an isometry φ ∈ Isom(Hn). The boundary of a horoball is flat with the induced metric and the
stabilizer of a horoball in Isom(Hn) is isomorphic to the isometry group of Euclidean (n− 1)-space.
For our purposes, a rank-k horoball cusp (for k ≤ n− 1) is a quotient of a horoball H ⊂ Hn by
a discrete rank k free Abelian subgroup ΓH < StabIsom(Hn)(H).
We will be primarily concerned with hyperbolic 2- and 3-manifolds. A consequence of the
Margulis Lemma is that an orientable, finite volume hyperbolic 3-manifold, M , is the interior of a
compact 3-manifold M with (possibly empty) toroidal boundary. There is a product neighborhood
of the boundary of M whose intersection with M consists of pairwise disjoint embedded rank-
2 horoball cusps. The complement of the interior of these horoball cusp neighborhoods in M is
homeomorphic to M . We will not make a distinction between M and M (see also Convention 2.1).
For example, we may refer to a compact 3-manifold as being hyperbolic, by which we mean that
the interior is hyperbolic. We will also refer to Dehn filling a cusp of M , by which we mean Dehn
filling the corresponding boundary component of M . By a (generalized) slope on a cusp of M , we
mean a (generalized) slope on the corresponding boundary component of M
Thurston has shown that “most” 3-manifolds are hyperbolic (see [36] and [30]). One instance of
this is the following (see [35] and [18])
Theorem 2.3 (Thurston) If M is a hyperbolic 3-manifold of finite volume, with cusps C1, ..., Ck,
then for each i = 1, ..., k, there is a finite set, Ei, of generalized slopes on Ci, such that orbifold
M(d1α1, ..., dkαk) is hyperbolic, provided diαi 6∈ Ei for every i = 1, ..., k.
The hyperbolic structures of M and M(d1α1, ..., dkαk) are related. In particular, an infinite
sequence of distinct (on each cusp) Dehn fillings will converge geometrically to the original manifold
M . The following description of this geometric convergence will be necessary for the construction
of the examples in Section 4 (see [9]).
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For each i = 1, ..., k, we let {dijαij}∞j=1 be an infinite sequence of distinct generalized slopes on the
cusp Ci (outside the set Ei). We write πM : H
3 → M and πMj : H
3 →Mj = M(d1jα1j , ..., dkjαkj)
to denote the universal covers.
Theorem 2.4 There exists smooth embeddings φj :M →Mj and lifts φ˜j : H3 → H3, such that for
any q ∈ H3 and R > 0, the sequence {φ˜j |B(q,R)}
∞
j=1 converges in the C
∞ topology on B(q, R) to the
identity.
Roughly speaking, this theorem says that as j → ∞, larger and larger compact subsets of M
look more and more like larger and larger compact subsets of Mj .
One proof of Theorem 2.3, based on ideal triangulations, is given in [31] (see also [9]). J.
Weeks has written a computer program, SnapPea, based on ideal triangulations which computes
approximate hyperbolic structures on link complements (see [38]). Although Weeks’ program does
not provide a rigorous proof of hyperbolicity, recent work of H. Moser [25] is able to bridge the
computational imprecision in Weeks’ program with a quantitative version of the Inverse Function
Theorem. In particular, Weeks’ program in conjunction with Moser’s (along with O. Goodman’s
application Snap) can be used to prove the hyperbolicity of certain manifolds. We have appealed to
these programs in Sections 3 and 4 to find hyperbolic structures, and thank Moser for her time and
effort in carrying out those calculations (see [25]).
2.4 Quasi-isometry
There is another well known fact about hyperbolic space which we will need (see [35] and [12] for
slight variations on this statement). We have included a proof of this in an appendix at the end of
the paper, as a convenience for the reader.
Given numbers k ≥ 1 and c ≥ 0, a map φ : (X, d) → (Y, ρ) between metric spaces is a (k, c)-
quasi-isometry (or k-quasi-isometry if c = 0), if
1
k
d(x, x′)− c ≤ d(φ(x), φ(x′)) ≤ kd(x, x′) + c
If X is a metric space and I is any interval in R, then a k-quasi-isometry γ : I → X is called a
k-quasi-geodesic.
Lemma 2.5 There exists a continuous non-negative function f on the interval [0, 1) with f(0) = 0
and having the following property. Suppose γ : [a, b] → Hn is a unit speed path whose geodesic
curvature satisfies
κγ(t) ≤ K
for all t ∈ [a, b], where 0 ≤ K < 1 is some constant. Then γ is a 1√
1−K2 -quasi-geodesic. Moreover,
if gγ : [a, b]→ Hn is the unique geodesic connecting the endpoints γ(a) and γ(b), then the Hausdorff
distance between the image of γ and gγ is no more than f(K).
2.5 Surfaces and hyperbolic geometry
A closed surface F in a hyperbolic manifold M is quasi-Fuchsian if a lift of the inclusion F˜ → M˜
of universal covers is a quasi-isometry. Here we are using the pull back metric on F˜ (with respect
to any metric on F ). This is easily seen to be equivalent to the usual notion of quasi-Fuchsian for
closed surfaces.
To guarantee that a surface in a hyperbolic 3-manifold is totally geodesic, we often use the
following (see [24])
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Lemma 2.6 If M is a finite volume hyperbolic 3-orbifold and φ : M → M is an orientation
reversing involution fixing a 2-orbifold F , then F can be homotoped to be totally geodesic.
Sketch of proof. It follows from the irreducibility of M that F is incompressible. We can find a lift
of φ to the universal cover
φ˜ : H3 → H3
which fixes a component, F˜ , of the preimage of F pointwise. The map φ˜ extends continuously to
the sphere at infinity
∂φ˜ : S2∞ → S
2
∞
As in the proof of the Mostow Rigidity Theorem (see e.g. [35]), it follows that ∂φ˜ is the extension of
an isometry. Moreover, since φ2 = idM and by our choice of lift φ˜, we see that φ˜
2 = idH3 . Therefore
∂φ˜2 = idS2
∞
.
It follows that ∂φ˜ fixes a geometric circle which must be the boundary of F˜ at infinity. Therefore,
π1(F ) ⊂ π1(M) (acting by covering transformations) must stabilize this circle and hence F can be
homotoped to be totally geodesic. ✷
Another source of totally geodesic surfaces come from triangle orbifolds. A triangle orbifold is
a 2-orbifold which is topologically an n-times punctured sphere, for n = 0, 1, 2, 3, with 3 − n cone
points. A (p1, p2, p3)-triangle orbifold is a triangle orbifold where the cone points have orders given
by pi, for i = 1, 2, 3 (and pi =∞ means that the instead of a cone point, one has a puncture). For
example, a (2, 3,∞)-triangle orbifold is a once punctured sphere with one cone point of order 2 and
one of order 3. Any triangle suborbifold of a hyperbolic 3-orbifold is incompressible and moreover,
by applying an isotopy, we may assume it is totally geodesic (this follows as in [1]). These will also
be useful in applying the cut-and-paste techniques of [1].
3 Links
In this section we prove the following
Theorem 3.1 For any even integer g ≥ 2, there exists a two component hyperbolic link in S3 which
contains an embedded totally geodesic surface of genus g in its complement.
Proof. We begin with the link L0 shown in Figure 2, with components labelled K1, ...,K4 as
indicated. According to SnapPea, and verified by Moser [25] (see §2.3), M0 = X(L0) admits a
hyperbolic structure. Further, M0 admits an orientation reversing involution φ : M0 → M0, as
indicated in Figure 2, fixing a 4-punctured sphere which is thus totally geodesic by Lemma 2.6.
By Theorem 2.3,M0(∞,∞, (p, 0), (p, 0)) is a hyperbolic orbifold for any sufficiently large positive
integer p. In fact, appealing to the geometrization theorem for orbifolds (see [13] and [11]) and some
topology, this holds for all p ≥ 3. We first check that M0(∞,∞, (p, 0), (p, 0)) is orbifold irreducible
with orbifold incompressible boundary and contains no essential euclidean 2-orbifold. All of these
amount to showing that there are no 2-orbifolds with certain properties. This is easy to check
since we must only consider honest 2-orbifolds; an offending surface would live in the complement
of the singular locus and would so give rise to an offending surface after drilling out the singular
locus, contradicting the hyperbolicity of M0. It follows that for p ≥ 3, M0(∞,∞, (p, 0), (p, 0)) has a
geometric structure which must be hyperbolic (one can easily rule out any Seifert fibered structure).
The involution φ persists in the filled manifold, and so M0(∞,∞, (p, 0), (p, 0)) contains a totally
geodesic 2-orbifold, F , which is a 2-sphere with four order p cone points, again by Lemma 2.6.
Next, consider the link L1 shown in Figure 3, with components labelledK
′
1,K
′
2,K
′
3. M1 = X(L1)
is also hyperbolic as it is obtained from M0 by cutting open along a thrice-punctured sphere and
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Figure 2: L0 and the involution φ.
φ
K3
K4
K1 K2
gluing back with a half twist, (see [1]). In fact, there is an isometry from the complement of the
thrice-punctured sphere in M0 to the complement of the thrice-punctured sphere in M1.
Figure 3: The link L1.
K3
K1 K2
Similarly, M1(∞,∞, (p, 0)) can be obtained from M0(∞,∞, (p, 0), (p, 0)) by cutting open along
a (p, p,∞)-triangle orbifold, T , and gluing back with a half-twist. Again, there is an isometry from
the complement of T in M0(∞,∞, (p, 0), (p, 0)) to the complement of T in M1(∞,∞, (p, 0)). Since
F is disjoint from T , its image in M1(∞,∞, (p, 0)) is totally geodesic.
We let Mp denote the p-fold cyclic branched cover of S
3, branched over K ′3, with the preimage
of K ′1 and K
′
2 deleted. Mp is a manifold cover of M1(∞,∞, (p, 0)), and since K
′
3 is unknotted,
Mp is a link complement in S
3. Moreover, since lk(K ′1,K
′
3) = 2 = lk(K
′
2,K
′
3), it follows that for
positive odd integers p, the preimages of K ′1 and K
′
2 in the branched cover are connected. That is,
Mp ∼= X(Lp), where Lp ⊂ S
3 is a two-component link. The preimage of F in Mp is thus a closed
totally geodesic surface in a two-component link of genus p− 1. ✷
We have drawn the link L7 in Figure 1.
4 Knots
In this section we construct a family of knots proving the next two theorems.
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Theorem 4.1 For any g ≥ 3 and any ǫ > 0, there exists a hyperbolic knot K ⊂ S3 containing
a closed embedded surface of genus g in its complement whose principal curvatures are bounded in
absolute value by ǫ.
Theorem 4.2 For any g ≥ 3 and any ǫ > 0, there exists a knot K ⊂ S3 with complement supporting
a Riemannian metric with negative sectional curvatures pinched between −1− ǫ and −1 + ǫ, which
contains a closed embedded totally geodesic surface of genus g.
These two theorems are both consequences of the following lemma.
Lemma 4.3 For any g ≥ 3, there exists a sequence of knots {Kj}∞j=1 and a link L such that
1. X(L) and each X(Kj) are hyperbolic,
2. X(Kj) ∼= X(L)((p1,j, q1,j), ..., (pk,j , qk,j),∞), for an infinite sequence of distinct slopes, {pi,j , qi,j}∞j=1,
on the ith cusp of X(L),
3. X(L) contains a closed totally geodesic surface F with genus g.
The construction which proves this lemma is deferred to §4.3. In §4.1 and §4.2 we use Lemma
4.3 to prove Theorems 4.1 and 4.2, respectively.
4.1 Small curvature surfaces in hyperbolic knot complements
Proof of Theorem 4.1. We consider the surface F , the family of knots {Kj}
∞
j=1, and the link L from
Lemma 4.3. By Theorem 2.4, we have embeddings φj : X(L) → X(Kj) and lifts φ˜j : H3 → H3
satisfying Theorem 2.4. The embeddings φj restrict to embeddings
φj |F : F → X(Kj)
We will be done if we can show that the principal curvatures of φj |F converge to 0 as j → ∞.
We use the notation of Theorem 2.4, replacing M by X(L) and Mj by X(Kj).
Since F is totally geodesic, there is a totally geodesic hyperbolic plane H2 ⊂ H3 covering F . The
restriction of the universal cover of X(L)
πX(L)|H2 : H
2 → F
is the universal cover of F . Since F is compact, its diameter is finite. Therefore, there exists R > 0
and q ∈ H2, such that B(q, R) ∩ H2 contains a fundamental domain for the action of π1(F ). In
particular, πXL(B(q, R) ∩H
2) = F .
Now note that
φ˜j |B(q,R)∩H2
is converging in the C∞ topology to a totally geodesic embedding. Therefore, the second funda-
mental forms Π˜j for φ˜j |B(q,R)∩H2 are converging to zero uniformly on B(q, R) ∩H2.
Moreover, since
πX(Kj) ◦ φ˜j |B(q,R)∩H2 = φj |F ◦ πX(L)|B(q,R)∩H2
and πX(L) and πX(Kj) are local isometries, it follows that the second fundamental forms Πj for φj |F
are converging uniformly to zero on F . That is, the principal curvatures of the embeddings of F
into X(Kj) are converging to zero as required. ✷
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4.2 Totally geodesic surfaces in nearly hyperbolic knot complements
Proof of Theorem 4.2. Again, we let F , {Kj}
∞
j=1, and L be as in Lemma 4.3.
If we let C1, ..., Ck denote embedded horoball cusps in X(L) which are pairwise disjoint and
also disjoint from F , then as we let j → ∞, the lengths of the filling curves on the boundary of
C1 ∪ ... ∪ Ck are approaching infinity.
As in the proof of the Gromov-Thurston 2π-Theorem (see [10]), for each of the fillings we seek
to construct Riemannian metrics on solid tori V1, ..., Vk with negative sectional curvature for which
a neighborhood of the boundary of Vi is isometric to a neighborhood of the boundary of the cusp
Ci by an isometry taking the boundary of the meridian of Vi to the filling curve of Ci, for each
i = 1, ..., k. Moreover, we wish to do this so that given ǫ > 0, for all sufficiently large j, the metric
on each of the Vj ’s is pinched between −1− ǫ and −1 + ǫ. We may then perform the Dehn fillings
(with j sufficiently large) requiring that the gluing of V1, ..., Vk to X(L) \ int(C1∪ · · · ∪Ck) to be by
isometries. The resulting manifold, which is diffeomorphic to X(Kj), is equipped with a Riemannian
metric having sectional curvatures pinched between −1− ǫ and −1+ ǫ, and moreover, the metric on
X(L) \
k⋃
i=1
Cj ⊂ X(Kj)
has not changed, and so still contains the closed embedded totally geodesic surface F .
Thus, to complete the proof of Theorem 4.2, we need only prove the following lemma, analogous
to Lemma 10 of [10].
Lemma 4.4 There exists a constant L > 0, so that if C is a rank-2 horoball cusp and γ is a geodesic
on ∂C with length l ≥ e3π then there is a metric on a solid torus V such that the 1-neighborhood of
∂V is isometric to the 1-neighborhood of ∂C by an isometry taking the boundary of some meridian
to γ. Furthermore, the sectional curvatures K(σp) of V satisfy
−1−
L
l2
≤ K(σp) ≤ −1 +
L
l2
for all p ∈ V , σp ⊂ Tp(V ).
Proof. Rather than constructing our metric on V , we will construct a metric on its universal cover
V˜ ∼= D2 × R
so that it is invariant under the obvious S1 × R action. Further, we will require that in the 1-
neighborhood of the boundary, the metric is isometric to the 1-neighborhood of a rank-1 horoball
cusp, and the meridian, ∂D2×{∗}, has length l. The lemma will follow then by taking the quotient
of V˜ by an appropriate isometric Z action.
We use the notation of the proof of Lemma 10 of [10] and so consider a metric of the form
ds2 = dr2 + f2(r)dµ2 + g2(r)dλ2
on V˜ in cylindrical coordinates r, µ, λ; where r ≤ 0, is the (signed) radial distance measured outwards
from ∂V˜ (so points on int(V˜ ) have a negative r coordinate), 0 ≤ µ ≤ 1 is measured in the meridional
direction, and −∞ < λ <∞ is measured in the direction perpendicular to µ and r.
We recall the following facts from [10]
• if f and g satisfy f(r) = ler and g(r) = er for −ǫ ≤ r ≤ 0, then the metric in an ǫ-neighborhood
of the boundary is isometric to the ǫ-neighborhood of the boundary of a rank-1 horoball cusp,
and the meridian curve has length l.
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• if the core occurs at r = r0, and f(r) = 2π sinh(r − r0) and g(r) = b cosh(r − r0) for r0 ≤ r ≤
r0 + ǫ and for some constant b > 0, then the ǫ-neighborhood of the core is non-singular.
• the sectional curvatures of ds2 are convex combinations of the functions{
−
f ′′
f
, −
g′′
g
, −
f ′ · g′
f · g
}
Now, let φ : R→ R be a smooth function with 0 ≤ φ(r) ≤ 1 satisfying
φ(r) =
{
1 for r ≤ −2
0 for r ≥ −1
Set r0 = − log
(
l
π
)
and note that r0 ≤ −3 since l ≥ e3π. For r0 ≤ r ≤ 0, define
f(r) = π(er−r0 − φ(r)er0−r) and g(r) = er + φ(r)e2r0−r
and note that for −1 ≤ r ≤ 0, we have
f(r) = πe−r0er = ler and g(r) = er
and for r0 ≤ r ≤ −2, we have
f(r) = 2π
er−r0 − er0−r
2
= 2π sinh(r − r0)
and
g(r) = 2er0
(
er−r0 + er0−r
2
)
= 2er0 cosh(r − r0)
From the calculations of [10] mentioned above, we will be done if we can show that
| − 1−
(
−
f ′′
f
)
|, | − 1−
(
−
g′′
g
)
|, | − 1−
(
−
f ′ · g′
f · g
)
| ≤
L
l2
(2)
for some L > 0.
By inspection, we see that for −1 ≤ r ≤ 0 and r0 ≤ r ≤ −2, we have
−
f ′′(r)
f(r)
= −1 , −
g′′(r)
g(r)
= −1 , and −
f ′(r) · g′(r)
f(r) · g(r)
= −1
Thus, to verify (2), we need only check this for −2 ≤ r ≤ −1.
For −2 ≤ r ≤ −1, we have
| − 1−
(
−
f ′′(r)
f(r)
)
| = | − 1 +
π(er−r0 − er0−r(φ(r) + φ′′(r)− 2φ′(r)))
π(er−r0 − er0−rφ(r))
| =
|er0−r(φ′′(r) − 2φ′(r))|
|er−r0 − er0−rφ(r)|
= e2r0e−2r
|φ′′(r)− 2φ′(r)|
|1− e2(r0−r)φ(r)|
= e−2 log(
l
pi
)e−2r
|φ′′(r) − 2φ′(r)|
|1− e2(r0−r)φ(r)|
≤
π2
l2
e4
|φ′′(r) − 2φ′(r)|
1− e−2
A similar calculation, shows
| − 1−
(
−
g′′(r)
g(r)
)
| = e2(r0−r)
|φ′′(r) − 2φ′(r)|
|1 + φ(r)e2(r0−r)|
≤
π2
l2
e4|φ′′(r) − 2φ′(r)|
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and
| − 1−
(
−
f ′(r) · g′(r)
f(r) · g(r)
)
| = e4(r0−r)
|2φ(r)φ′(r) − (φ′(r))2|
|1− φ2(r)e4(r0−r)|
≤
π4
l4
e8
|2φ(r)φ′(r) − (φ′(r))2|
1− e−4
for −2 ≤ r ≤ −1.
It follows that (2) holds if we set
L = max
{
π2e4
|φ′′(r) − 2φ′(r)|
1− e−2
, π4e8
|2φ(r)φ′(r)− (φ′(r))2|
1− e−4
: −2 ≤ r ≤ −1
}
✷
4.3 An interesting link
Proof of Lemma 4.3. Start with the link J shown in Figure 4, with components I0, ..., I10 as indicated
(ignore the dotted circle and the region U bounded by it for the moment). According to SnapPea,
and verified by Moser [25] (see §2.3), X(J) is hyperbolic. We refer to the components of ∂X(J) by
∂iX(J) so that ∂iX(J) is the boundary of a neighborhood of Ii, for i = 0, ..., 10. For each i, let
mi, li denote a standard basis for H1(∂iX(J)).
Figure 4: The link J .
I10 I9
I1
I3
I2
I4 I7 I8
I5 I6
I0
U
X(J) admits an orientation reversing involution fixing a twice-punctured torus. To see this, we
first note that I1∪I2 is a Hopf link and hence X(I1∪I2) ∼= T 2× [0, 1] admits an orientation reversing
involution
τ : X(I1 ∪ I2)→ X(I1 ∪ I2)
fixing a torus, T ∼= T 2 × { 12}. We then add components I3, I5, I7, and I9 in the complement of T
and their respective images τ(I3) = I4, τ(I5) = I6, τ(I7) = I8, and τ(I9) = I10. Finally, we add the
component I0 which is invariant under τ and transversely intersects T twice. We let T
∗ denote the
twice-punctured torus fixed by τ .
Theorem 2.3 implies that there exists p0 > 0 such that for any p > p0, the orbifold
Op = X(J)((p, 0),∞, ...,∞)
is hyperbolic. In fact, arguing as in §3, it suffices to take p0 = 3. Moreover, the involution τ persists
in Op, and so this orbifold contains a totally geodesic 2-orbifold, T ∗p , which is a totally geodesic
torus with two cone points of order p, by Lemma 2.6.
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The idea for the remainder of the proof is the following. We find infinitely many distinct fillings
on all boundary components of Op except ∂10Op. For each of these fillings the result will be an
orbifold having underlying topological space the complement of a knot Kj in S
3 and singular locus
an unknotted curve with cone angle 2π
p
. Furthermore, the linking number of the singular locus with
Kj will be one. Then, the p-fold branched cover of S
3 branched over the singular locus defines a
manifold cover of our orbifold which is a knot complement in S3. Infinitely many of these knots can
be seen to be obtained by Dehn filling on all but one component of a single link complement (along
distinct slopes) which is itself a manifold cover of Op. This therefore contains the preimage of T ∗p
which is totally geodesic.
Now for ~r = (r1, ..., r5) ∈ Z5 consider the orbifold Op(~r) defined by
Op(~r) = Op((1 + r1,−r1), (1,−r2), (1− r1, r1), (1, r2), (1, r3), (1, r4), (1,−r3− 1), (1,−r4), (1, r5),∞)
(3)
By Theorem 2.3 there exists R > 0 such that Op(~r) is hyperbolic whenever each |ri| > R.
For each i1, ..., ik ∈ {0, ..., 10}, consider the sublink Ji1,...,ik ⊂ J , given by
Ji1,...,ik = J \ (Ii1 ∪ · · · ∪ Iik )
So, the indices tell us which components have been left out (this set is generally smaller than its
complement, which is the reason we have chosen this notation). We will consider the obvious
inclusion
X(J) ⊂Mi1,...,ik
where Mi1,...,ik = X(Ji1,...,ik). In particular, we will use this to identify slopes on the boundary
components of Mi1,...,ik with those on the corresponding boundary components of X(J). For each
~r ∈ Z5, we let Mi1,...,ik(~r) denote the manifold obtained from Mi1,...,ik by filling those boundary
components in common with X(J) according to (3).
We consider Ii1∪· · ·∪Iik (or any sublink of this) as a link in each of S
3,Mi1,...,ik , andMii,...,ik(~r).
We sometimes express the dependence on ~r by denoting the component Ii in this last manifold by
Ii(~r).
Note that
XM0,10(~r)(I0(~r) ∪ I10(~r))((p, 0),∞)
∼= Op(~r) (4)
The slopes are defined in terms of mi, li via the inclusion X(J) ⊂ XM0,10(~r)(I0 ∪ I10).
Claim For every ~r ∈ Z5, we have
1. M0,10(~r) ∼= S3.
2. I0(~r) is unknotted.
3. lk(I0(~r), I10(~r)) = 1
Proof of Claim. We first note that there are annuli A1,3, A2,4, and A6,8 having boundaries I1 ∪ I3,
I2 ∪ I4, and I6 ∪ I8, respectively, and disks D5 and D7 bounded by I5 and I7, respectively, as shown
in Figure 5 (the link shown is J10). For any one of these annuli, Ai,j , we can view it as being
embedded in X(Ii ∪ Ij) (or Di in X(Ii)). As such, we can Dehn twist along Ai,j and produce a
different embedding of X(J0,9,10) into S
3. A Dehn twist along an annulus in a three manifold is a
homeomorphism of the three manifold supported in a regular neighborhood of the annulus in which
one cuts open, twists, and reglues– if we view the neighborhood of the annulus as S1× [0, 1]× [0, 1],
then this is the usual notion of Dehn twist on the S1× [0, 1] factor and the identity on the last [0, 1]
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Figure 5: annuli and disks with boundaries on J0,9,10 (I0 and I9 are also pictured).
D7
A6,8
A1,3
D5
A2,4
I0
I9
factor. In a similar fashion we can Dehn twist along the disks D5 and D7 to define embeddings of
X(J0,9,10) into S
3.
For each such embedding determined by Ai,j (respectively, Di) we obtain different curves on
∂iX(J0,9,10) ∪ ∂jX(J0,9,10) (respectively, ∂iX(J0,9,10)) which bound meridian disks. In particular,
Dehn filling along these curves will result in S3 (see [16] for more on this method of altering links
while keeping their complements the same).
The new curves bounding meridian disks are described as follows. If
∂Ai,j ∩ ∂iX(J0,9,10) = xi ∈ H1(∂iX(J0,9,10))
then after the rth iterate of the twist in Ai,j , the new curve bounding a meridian disk on ∂iX(J0,9,10)
is mi+r(xi ·mi)xi (”·” denote algebraic intersection number). Likewise, if ∂Ai,j∩∂jX(J0,9,10) = xj ,
then the new curve bounding a meridian disk on ∂jX(J0,9,10) is mj − r(xj ·mj)xj (we have made
an arbitrary choice of direction in which to twist and orientation on the annuli). In the case of Di,
the new curve bounding a meridian disk on ∂iX(J0,9,10) after the r
th iterate of the twist is mi+ rli.
Computing the boundary slopes of the annuli, and letting r, r1, ..., r4 ∈ Z be any integers (which
tell us how many times to twist), we see that
X(J0,9,10)((1 + r1,−r1), (1,−r2), (1 − r1, r1), (1, r2), (1, r3), (1, r4), (1, r), (1,−r4))
is S3. We will additionally require that r = −r3− 1. Although this is not necessary at the moment,
we make this assumption now.
There is one point where we must be a little careful. Note that A1,3 is an annulus in X(I1 ∪ I3),
but not in X(J0,9,10) (it intersects I2 and I4). If we twist along A2,4, we destroy A1,3. However,
it is not hard to see that we may remove a disk from A1,3 so that the leftover surface misses a
neighborhood of A2,4, apply the twist in A2,4, then glue a disk back to obtain another annulus we
also call A1,3. We are using the fact that the regular neighborhood of A2,4 is a solid torus and that
the curve on the boundary which bounds a disk continues to bound a disk in S3 after twisting.
Next, we observe that I0 ∪ I9 is the two component unlink. Moreover, the above fillings do
not change this. That is I0(~r) ∪ I9(~r) is still a two component unlink. In fact, the basis for
H1(∂9X(I0(~r)∪ I9(~r))) is still m9, l9 (that is, the new embedding into S3 does not change the curve
which bounds a meridian disk, nor the element which spans a Seifert surface). The same is not true
of the basis for H1(∂0X(I0(~r) ∪ I9(~r))), however m0 still bounds a meridian disk.
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We may therefore Dehn twist in the disk D9 bounded by I9 to obtain another embedding of
X(J0,10) into S
3. Thus, the (1, r5) filling on ∂9X(J0,10) for any r5 ∈ Z, in addition to filling the
other components according to (3), gives M0,10(~r) ∼= S3 with I0(~r) unknotted. This proves parts 1
and 2 of the claim.
All that remains is to verify part 3 of the claim. Consider a ball U containing I0, I5, I6, I7, and
I8 as well as an arc of I9 and I10, but no other part of J . The boundary of U is indicated by a dotted
circle in Figure 4. After filling the boundary components ∂5X(J0,...,4,9,10) ∪ · · · ∪ ∂8X(J0,...,4,9,10),
the neighborhood U and the parts of I0(~r), I9(~r), and I10(~r) in this neighborhood, are as in Figure
6. The disk bounded by I0 is contained in U , so I10 intersects this disk only at points inside U .
Therefore, only the fillings on ∂9X(J0,10) may affect this intersection number (the annuli A1,3 and
A2,4 are disjoint from U). However, since I9∪I10 is the unlink, the filling on I9 also does not change
this intersection number. So, the linking number lk(I0(~r), I10(~r)) (equivalently, this intersection
number) is one. This completes the proof of the claim. ✷
Figure 6: Local picture of U after filling (the numbers represent the number of crossings).
2r3 + 1
2r3 − 1
2r4 − 1
2r4 − 1
We are now finally in a position to describe the knots and link which prove Lemma 4.3. The
p-fold cyclic branched cover of M0,10 ∼= S3 (by part 1 of the claim) branched over I0(~r) is S3, since
I0(~r) is unknotted (by part 2 of the claim). We let Kp(~r) denote the preimage of I10(~r) under this
covering, which is a knot by part 3 of the claim.
We can view the restriction of this branched cover to X(Kp(~r)) as a manifold covering of an
orbifold
f : X(Kp(~r))→ X(I0(~r) ∪ I10(~r))((p, 0),∞) = Op(~r)
(the equality is (4)). We also view Op as a suborbifold of Op(~r). As such, its preimage under the
covering is a submanifold Mp(~r) ⊂ X(Kp(~r)), for which f restricts to a covering of Op.
We first note that, for fixed p, there are only finitely many homeomorphism types of Mp(~r).
This is because there are only finitely many p-fold covers of Op. Second, we observe that Mp(~r) =
X(Lp(~r)) for some link Lp(~r) in S
3, one component of which is Kp(~r); we take Lp(~r) to be the
preimages of the cores of the filled in solid tori, union with Kp(~r), under the branched cover.
Fix any p ≥ 3, and take any sequence {~r(j)}∞j=1 for which R < |ri(j)| → ∞ as j → ∞, with
{ri(j)}∞j=1 a sequence of distinct integers, for each i = 1, ..., 5, and so that Mp(~r(j)) ∼=Mp(~r(j
′)) for
every j, j′ = 1, 2, ...
Set L = Lp(~r(1)) and Kj = Kp(~r(j)). Then X(L) = Mp(~r(1)) ∼= Mp(~r(j)), and hence each
X(Kj) is obtained by Dehn filling all but one component of X(L), for every j. By construction,
X(L) and X(Kj) are all hyperbolic. Moreover, X(L) is a cover of Op, and thus contains the totally
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geodesic surface F = f−1(T ∗p ). F is a cyclic p-fold branched cover of a torus branched over two
points, and thus has genus p. This proves parts 1 and 3 of the lemma and most of part 2. All that
remains is to show that the slopes on each cusp of X(L) are distinct. To see this, we note that the
filling slopes on the cusps of X(L) are determined by lifting the filling slopes on the cusps of Op.
These latter are all distinct by hypothesis, and thus the former are as well. ✷
4.4 Cusped totally geodesic surfaces
Here we describe a construction of hyperbolic knots in S3 containing totally geodesic cusped surfaces
in their complements. In [3] and [5], totally geodesic cusped surfaces such as these (and others) are
constructed. Moreover, in [5] the authors obtain some necessary conditions for a knot to contain
such a surface as well as some uniqueness results for these types of surfaces.
Example 4.5 (compare [3] and [5]) There exists hyperbolic knots in S3 which contain embedded
totally geodesic cusped surfaces in their complements.
Figure 7: A totally geodesic surface (for p ≥ 3 and odd).
p
Begin with the 2-component chain link shown in Figure 8, which was shown to be hyperbolic
in [27]. Let K1 and K2 denote the two components. By Theorem 2.3, X(K1 ∪ K2)((p, 0),∞) is
hyperbolic for p sufficiently large, and as in §3, it suffices to take p ≥ 3. The p-fold cyclic branched
cover of S3 branched over K1 is S
3 since K1 is unknotted. The complement of the preimage of K2
under this branched covering is a link Kp ⊂ S3 and we view the restriction of the branched cover
to the complement of Kp as a manifold covering of the orbifold
fp : X(Kp)→ X(K1 ∪K2)((p, 0),∞)
If p is odd, then Kp is connected (since lk(K1,K2) = 2), which is to say, Kp is a knot. When p ≥ 3,
we thus obtain a hyperbolic knot Kp.
SinceK2 is also unknotted, it bounds a disk, andK1 intersects this disk exactly twice. Therefore,
after (p, 0) surgery on K1, this disk is a (p, p,∞) triangle orbifold, Tp, and hence is totally geodesic.
f−1p (Tp) is a totally geodesic cusped surface in X(Kp).
These knots are pictured in Figure 7. The shaded Seifert surface is totally geodesic.
5 Small curvature surfaces are acylindrical
Let F be a closed oriented surface in an oriented finite volume hyperbolic 3-manifold M . As
mentioned in the introduction, if F is totally geodesic, then not only is it incompressible, but M/F
is acylindrical. To see this, note that if M/F contained an essential annulus, then M/F doubled
along F would contain an essential torus. This is impossible since the doubled manifold is clearly
hyperbolic.
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Figure 8: A 2-component chain link.
An easy, unpublished result of Thurston states that to guarantee incompressibility, the require-
ment that F is totally geodesic can be relaxed to a principal curvature bound. More precisely, one
has
Theorem 5.1 (Thurston) If F is a closed orientable surface in an orientable finite volume hy-
perbolic 3-manifold M and has all principal curvatures less than 1 in absolute value, then F is
incompressible. Moreover, F is quasi-Fuchsian.
For completeness, and since we will use it later, we give the proof.
Proof. By compactness, there is a global bound, K < 1, for the absolute values of the principal cur-
vatures, λ1, λ2, of F . It follows from Theorem 2.2 that the (Gaussian) curvature K(p) = K(Tp(F ))
of F at p satisfies
K(p)− (−1) = λ1(p)λ2(p)
so that
|K(p)− (−1)| = |λ1(p)λ2(p)| ≤ K
2 < 1
an hence K(p) is negative for all p.
Let πM : H
3 →M denote the universal covering of M , πF : F˜ → F the universal covering of F ,
and π˜F : F˜ → H3 some lift of πF composed with the inclusion of F into M .
Because F , and hence F˜ , is negatively curved, any two points p and q in F˜ are connected by a
unique geodesic segment γ. The geodesic curvature of π˜F ◦ γ for any t satisfies κπ˜F ◦γ(t) ≤ K by (1)
of §2.2, and π˜F ◦ γ is thus a
1√
1−K2 -quasi-geodesic, by Lemma 2.5. In particular, this implies that
π˜F is a
1√
1−K2 -quasi-isometric embedding, and so F is quasi-Fuchsian. ✷
Not only is the surface incompressible, but if the principal curvatures are small enough, we can
(almost) recover acylindricity of the cut-open manifold. In particular, we have
Theorem 5.2 Given g, r > 0, there exists δ > 0 with the following property. If F is an embedded,
closed, orientable surface in an oriented finite volume hyperbolic 3-manifold M , with genus(F ) ≤ g,
injrad(F ) ≥ r, and principal curvatures of F bounded by δ in absolute value, then either F bounds
a twisted I-bundle in M , or M/F is acylindrical.
Although the proof is elementary, we divide it into a few lemmas for clarity. Throughout, we
write
πM : H
3 →M
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to denote the universal covering of M . We will write BX(p,R) to denote the closed ball in a metric
space X centered at a point p with radius R. NX(Y,R) will denote the closed R-neighborhood of a
subset Y of a metric spaceX . When X = H3, we will simply write B(p,R) and N(Y,R) respectively.
If (F˜ , p) ⊂ H3 is a pointed surface (i.e. a surface together with a point on the surface), we write
H
2(F˜ , p)
to denote the unique (totally geodesic) hyperbolic plane in H3 tangent to F˜ at the point p. We will
write d to denote the distance function on H3 and dH the corresponding Hausdorff distance.
We begin with
Lemma 5.3 Given ǫ > 0 and R > 0, there exists δ0 > 0 and 0 < ǫ0 < ǫ, such that if
(F˜1, p1), (F˜2, p2) ⊂ H
3
are disjoint, complete, embedded, pointed surfaces with principal curvatures bounded by δ0 in absolute
value and d(p1, p2) < ǫ0, then
dH(BF˜1(p1, R), BF˜2(p2, R)) < ǫ
Roughly speaking, this lemma says that two disjoint surfaces in H3 with small principal curva-
ture, which are close at some pair of points, must be close on large disks about those points.
Proof. Given η > 0 there exists 0 < µ < 1, such that if
γ : [0, R+ 1]→ H3
is a unit speed path with κγ(t) < µ, and if
σ : [0, R+ 1]→ H3
is the unique geodesic with σ˙(0) = γ˙(0), then for all t ∈ [0, R+ 1],
d(γ(t), σ(t)) < η
This essentially follows from the proof of Lemma 2.5.
Suppose that (F˜ , p) is a complete, embedded, pointed surface in H3 with principal curvatures
bounded by µ in absolute value. Consider the exponential maps
exp
H2(F˜ ,p), exp(F˜ ,p) : Tp(F˜ )→ H
3
(this makes sense because H2(F˜ , p) and F˜ are tangent at p). By (1) of §2.2
d(exp
H2(F˜ ,p)(v), exp(F˜ ,p)(v)) < η
In particular, note that if {(F˜n, pn)}∞n=1 is any sequence of pointed surfaces with principal curva-
tures approaching 0 as n→∞ and if {pn}∞n=1 has compact closure in H
3, then after appropriately
isometrically reparameterizing the domains (to R2 say) there is subsequence of {exp(F˜n,pn) |BR2 (0,R)}
which converges uniformly by the Arzela-Ascoli Theorem (see e.g. [26]). Moreover, the limit is easily
seen to be (a reparameterization of) the exponential map restricted to a radius R ball, with image
a radius R ball in a hyperbolic plane in H3.
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Now suppose there is no ǫ0 and δ0 as in the statement of the theorem. This implies that there
exists a pair of sequences of pointed surfaces
{(F˜1,n, p1,n)}
∞
n=1 and {(F˜2,n, p2,n)}
∞
n=1
such that as n→∞, the principal curvatures of F˜i,n approach 0, for i = 1, 2, and d(p1,n, p2,n)→ 0.
Moreover, F˜(1,n) ∩ F˜2,n = ∅ and
dH(BF˜1,n(p1,n, R), BF˜2,n(p2,n, R)) ≥ ǫ
for all n ∈ Z+. By composing the embeddings with an isometry of H3, we can assume that p1,n is
the same point for all n. The above remarks imply that by passing to a subsequence, we may assume
that {exp(F˜i,n,pi,n) |BR2 (0,R)}
∞
n=1 converges uniformly for each i = 1, 2 (after reparameterizing).
If the images of the two limit exponential maps are radius R disks in distinct hyperbolic planes in
H
3, then they must non-trivially transversely intersect since the sequences of base points {p1,n}∞n=1
and {p2,n}∞n=1 must converge to a single point. It then follows that F˜1,n and F˜2,n must intersect
for sufficiently large n, which is a contradiction. Therefore, the images of the two limit exponential
maps are the same radius R disk in a hyperbolic plane in H3. This easily implies
dH(BF˜1,n(p1,n, R), BF˜2,n(p2,n, R)) < ǫ
for sufficiently large n, which is also a contradiction. It follows that the required ǫ0 and δ0 exists. ✷
Lemma 5.4 There exists δ1 > 0 and ǫ > 0, such that if {(F˜i, pi)}
3
i=1 are pairwise disjoint, com-
plete, pointed surfaces in H3 with principal curvatures bounded by δ1 in absolute value and if
d(p1, p2), d(p1, p3) < ǫ, then one of the three surfaces separates H
3 into two components, each of
which contains exactly one of the remaining two surfaces.
Proof. We begin by noting that if F˜ is a complete surface in H3 whose principal curvatures are
bounded in absolute value by a constant less than 1, then as in the proof of Theorem 5.1, the
inclusion of F˜ is a quasi-isometric embedding. F˜ is thus properly embedded, and so separates H3
into two components.
We now proceed in a fashion similar to that of the proof of Lemma 5.3. If no such δ1 or ǫ as in
the statement of the lemma exist, then there must be three sequences of pointed surfaces
{(F˜i,n, pi,n)}
∞
n=1 for i = 1, 2, 3
with F˜i,n having principal curvatures bounded in absolute value by
1
n
,and so that d(p1,n, p2,n), d(p1,n, p3,n) <
1
n
and no one of the surfaces separates the other two.
As in the proof of Lemma 5.3, by reparameterizing and passing to a subsequence if necessary,
we may assume that the exponential maps for B
F˜i,n
(pi,n, 10) converge uniformly to the exponential
map for BH2(p, 10) of some pointed hyperbolic plane (H
2, p) in H3 for each i = 1, 2, 3 (the choice of
radius 10 here is arbitrary). For sufficiently large n, the intersections F˜1,n ∩B(p, 9), F˜2,n ∩B(p, 9),
and F˜3,n ∩B(p, 9) are properly embedded disks in B(p, 9) (in fact, one can show that any complete
surface F˜ in H3 with principal curvatures bounded in absolute value by a constant less than 1 must
intersect a closed ball in a convex subset of F˜ ). As n approaches infinity, the boundaries of these
three disks converge uniformly to a great circle. So for sufficiently large n, the three boundaries
consists of three parallel loops on ∂B(p, 9). One of these loops must separate ∂B(p, 9) into two com-
ponents, each containing exactly one of the other two loops. The corresponding surface separates
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H
3 into two components, each containing exactly one of the other two surfaces. This contradiction
proves the lemma. ✷
The next lemma says that an essential annulus in the manifold obtained by cutting open along
a small principal curvature surface forces two components of the preimage of the surface in H3 to
be close together.
Lemma 5.5 Given ǫ0 > 0, there exists a δ2 > 0, such that for any embedded, closed, oriented
surface F in an oriented finite volume hyperbolic 3-manifold M , if the principal curvatures of F are
bounded by δ2 in absolute value and M/F contains an essential annulus, then there are two pointed
components (F˜0, p0), (F˜1, p1) ⊂ π
−1
M (F ) such that d(p0, p1) < ǫ0.
Proof. By Lemma 2.5, there exists δ2 > 0, such that if γ : R→ H3 is a path with κγ(t) < δ2, then
there is a unique geodesic gγ : R → H3 which remains a bounded Hausdorff distance from γ, and
moreover
dH(γ, gγ) <
ǫ0
2
Now suppose that F ⊂M is as above, with principal curvatures bounded by δ2 in absolute value
and
A : (S1 × [0, 1], ∂(S1 × [0, 1]))→ (M,F )
is an essential annulus with both boundary components on F . We may homotope A to guarantee
that A(∂(S1 × [0, 1])) consists of two geodesics in F .
Next let
A˜ : R× [0, 1]→ H3
be a lift of A. Because A is essential, A˜ maps the boundary into two distinct components of π−1(F ),
which we call F˜0, and F˜1. The maps of the boundary,
γi = A˜|R×{i} : R→ F˜i
for i = 0, 1, are geodesics in each F˜i so that the geodesic curvatures satisfy κγi < δ2. A˜ defines
a hyperbolic transformation (from the action of π1(M)) having an axis g and this transformation
stabilizes each γi, i = 0, 1. It follows that g is the unique geodesic with dH(γi, g) <
ǫ0
2 for i = 0, 1.
Therefore dH(γ0, γ1) < ǫ0. In particular, this implies that there is a point on F˜0 closer than ǫ0 to a
point on F˜1. ✷
We now proceed with the proof of Theorem 5.2.
Proof. There exists a number R > 0, depending on g, r, and a fixed positive number less than 1, say
1
2 , so that given any hyperbolic manifoldM and closed surface F with genus(F ) ≤ g, injrad(F ) ≥ r,
and principal curvatures bounded in absolute value by 12 , then the diameter of F is bounded by
R
2 . This follows from the fact that the (Gaussian) curvature of F is pinched between two negative
constants (by Theorem 2.2) which gives an upper bound on the area of F by the Gauss-Bonnet
Theorem [29] and a lower bound on the area of an embedded disk of radius r by an application of
the Rauch Comparison [15] and Gauss-Bonnet Theorems, for example.
Let δ1, ǫ be as in Lemma 5.4, choose δ0, ǫ0 > 0 from Lemma 5.3, based on ǫ and R, and choose
δ2 from Lemma 5.5, based on ǫ0. Now, set
δ = min{
1
2
, δ0, δ1, δ2}
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Let F be an embedded, closed, oriented surface in an oriented, finite volume, hyperbolic 3-
manifold, with principal curvature bounded by δ in absolute value, genus(F ) ≤ g, and injrad(F ) ≥
r. To prove the theorem, we suppose that M/F contains an essential annulus and prove that F
bounds a twisted I-bundle.
By Lemma 5.5, there are two components of π−1M (F ) separated by a distance less than ǫ0. Choose
two components F˜1, F˜2 ⊂ π
−1
M (F ) which are closest (by compactness of F , there exists a closest pair
of components). By Lemma 5.3, there are points p1 ∈ F˜1 and p2 ∈ F˜2 such that
dH(BF˜1(p1, R), BF˜2(p2, R)) < ǫ (5)
Since the diameter of F is less than R2 , there are generators γ1, ..., γn for stabπ1(M)(F˜1)
∼= π1(F ),
such that
γj(p1) ∈ BF˜1(p1, R)
for each j = 1, ..., n. By (5), there are points p2,1, ..., p2,n ∈ F˜2 such that
d(γj(p1), p2,j) < ǫ
for j = 1, ..., n.
Claim. γj(F˜2) = F˜2 for each j = 1, ..., n.
Proof of claim. Suppose that there exists 1 ≤ j ≤ n such that γj(F˜2) 6= F˜2. Then
(F˜1, γj(p1)), (F˜2, p2,j), (γj(F˜2), γj(p2))
are three disjoint pointed surfaces with d(γj(p1), p2,j) < ǫ and d(γj(p1), γj(p2)) = d(p1, p2) < ǫ.
By Lemma 5.4, one of the surfaces must separate H3 into two components, each of which contains
exactly one of the other two surfaces.
Now, since M and F are orientable, γj preserves the components of H
3 \ F˜1, and hence F˜2 and
γj(F˜2) lie in the same component of H
3 \ F˜1. If γj(F˜2) were the separating surface, then any path
from F˜1 to F˜2 would have to pass through γj(F˜2). This implies that γj(F˜2) is strictly closer to F˜1
than F˜2, which is impossible since F˜1 and F˜2 were chosen to be closest. We now note that F˜1 and
γj(F˜2) are also a pair of closest components (since γj is an isometry), so by the same argument just
given, F˜2 cannot separate these surfaces either.
Therefore no one of the surfaces can separate the other two, which is a contradiction. This
establishes the claim.
Let X˜ denote the 3-manifold in H3 bounded by F˜1 and F˜2. X˜ is easily seen to be simply con-
nected, irreducible, and invariant under stabπ1(M)(F˜1) (since its boundary components are invariant
by generators of stabπ1(M)(F˜1)). The quotient,
X = X˜/stabπ1(M)(F˜1)
is thus an irreducible 3-manifold homotopy equivalent to a surface. It follows from standard 3-
manifold topology (see e.g. [17] and [35]) that X ∼= F × [0, 1].
Next, let γ ∈ π1(M) be such that
γ(F˜1) = F˜2
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(which must exist since F˜1 and F˜2 are both components of π
−1
M (F )). Either γ(X˜) = X˜ or γ(X˜)∩X˜ =
F˜2. However, if the latter held, then it must be the case that
H
3 =
⋃
k∈Z
γk(X˜)
and hence M (or a two-fold cover) must fiber over the circle with fiber F . By Theorem 5.1, F is
quasi-Fuchsian and hence cannot be a virtual fiber (see e.g. [35]).
Therefore γ(X˜) = X˜ , and again standard 3-manifold topology implies
X ′ = X˜/ < stabπ1(M)(F˜1), γ >
is a twisted I-bundle and X ′ embeds in M . Therefore F bounds a twisted I-bundle in M . ✷
6 Related questions
The following two questions, related to Conjecture 1.1, seem to be interesting.
First, we note that links constructed in Section 3, as well as those constructed in [24], have the
property that the surface F separates S3 into two components (the two sides of the surface) with
each side containing the same number of components of the link. It is easy to construct examples for
which there are a different number of components on each side of the surface (e.g. using techniques
of [1]). However, all the constructions seem to require at least one component of the link on each
side of the surface. In particular, we have
Question 6.1 Do there exist hyperbolic links L ⊂ S3 for which X(L) contains an embedded, closed,
connected, totally geodesic surface F with [F ] = 0 in H2(X(L))?
Next, we note that all known examples of one cusped hyperbolic manifolds with closed embedded
totally geodesic surfaces contain non-peripheral homology. In particular, these manifolds do not arise
as knot complements in homology spheres. We thus have
Question 6.2 (Reid) Are there integral or rational homology spheres M which contain hyperbolic
knots with closed embedded totally geodesic surfaces in their complements?
7 Appendix: Some computations in hyperbolic space
Here, as a convenience for the reader, we give a proof of
Lemma 2.5 There exists a continuous non-negative function f on the interval [0, 1), so that f(0) =
0, having the following property. Suppose γ : [a, b] → Hn is a unit speed path whose geodesic
curvature satisfies
κγ(t) ≤ K
for all t ∈ [a, b], where 0 ≤ K < 1 is some constant. Then γ is a 1√
1−K2 -quasi-geodesic. Moreover,
if gγ : [a, b]→ Hn is the unique geodesic connecting the endpoints γ(a) and γ(b), then the Hausdorff
distance between the image of γ and gγ is no more than f(K).
The first part of the proof we give here is a computational version of the proof Corollary 8.9.3 of
[35]. The second part follows from the proof of Proposition 5.9.2 along with an application of the
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Arzela-Ascoli Theorem.
Proof. We use the hyperboloid model of hyperbolic space Hn ⊂ En,1 (see [32] for a complete
description of this model). We let 〈, 〉 denote the form on En,1, as well as its restriction to T (Hn).
Let X,Y ∈ X(Hn), with Y = Y i∂i, where ∂i =
∂
∂xi
.
The Levi-Civita connection on Hn is then given by
∇XY (p) = X(Y
i)(p)∂i + 〈X(Y
i)(p)∂i, p〉p
Here we view p simultaneously as a point in Hn and a vector in En,1. It follows that if γ : I → Hn
is a path, and V = V i∂i is a vector field along γ, that the covariant derivative of V is given by
DV
dt
(t) = V˙ (t) + 〈V˙ (t), γ(t)〉γ(t)
In particular, suppose γ is a unit speed path, then we have
0 =
d
dt
(1) =
d
dt
〈γ˙(t), γ˙(t)〉 = 〈γ¨(t), γ˙(t)〉+ 〈γ˙(t), γ¨(t)〉
and
0 =
d
dt
〈γ˙(t), γ˙(t)〉 = 〈
Dγ˙
dt
(t), γ˙(t)〉+ 〈γ˙(t),
Dγ˙(t)
dt
(t)〉
So that
〈γ¨(t), γ˙(t)〉 = 0 = 〈
Dγ˙
dt
(t), γ˙(t)〉
We also see that
0 =
d
dt
(0) =
d
dt
〈γ˙(t), γ(t)〉 = 〈γ¨(t), γ(t)〉+ 〈γ˙(t), γ˙(t)〉
So that
〈γ¨(t), γ(t)〉 = −1
The geodesic curvature of γ is given by κ(t) = ‖Dγ˙
dt
(t)‖, so that
‖γ¨(t)‖2 = ‖γ¨(t) + 〈γ¨(t), γ(t)〉γ(t)− 〈γ¨(t), γ(t)〉γ(t)‖2 = ‖
Dγ˙
dt
(t) + γ(t)‖2
= ‖
Dγ˙
dt
(t)‖2 + ‖γ(t)‖2 = κ(t)2 − 1
Where the second to last equality holds because Dγ˙
dt
(t)⊥γ(t).
We now claim that if γ is a unit speed path with κ(t) < 1, then the family of hyperbolic
hyperplanes Pt through γ(t) and orthogonal to γ˙(t) are all disjoint (recall that Pt is the intersection
with Hn of the linear subspace (γ˙(t))⊥). To see this, note that for t0 and t0 + t in the domain of
definition of γ, and t > 0, Pt0 and Pt0+t are disjoint if the dual vectors γ˙(t0) and γ˙(t0 + t) span a
subspace of signature (1, 1). For then, 〈, 〉 restricted to (span{γ˙(t0), γ˙(t0+ t)})⊥ = (γ˙(t0))⊥∩(γ˙(t0+
t))⊥ is positive definite and so is disjoint from Hn. The subspace has signature (1, 1) if there is a
vector in their span with negative norm squared. Now, since
γ¨(t0) = lim
t→0
γ˙(t0 + t)− γ˙(t0)
t
we see that for t sufficiently small, we have that γ˙(t0 + t)− γ˙(t0) has negative norm squared since,
by hypothesis, γ¨(t0) does (because ‖γ¨(t)‖2 = κ(t)2 − 1).
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Since the hyperbolic hyperplanes Pt are progressing in the direction of γ, and since locally they
are being moved off themselves, we see that all the Pt’s are disjoint, proving the claim.
Next, we claim that at t0, the hyperplanes Pt0+t are progressing at a rate of
√
1− κ(t0)2.
Specifically, we mean that
lim
t→0+
d(Pt0 , Pt0+t)
t
=
√
1− κ(t0)2
To see this, we set δ(t) = d(Pt0 , Pt0+t) and note that
cosh(δ(t)) = 〈γ˙(t0), γ˙(t0 + t)〉
and that
1− κ(t0)
2 = −‖γ¨(t0)‖
2 = − lim
t→0+
‖
γ˙(t0 + t)− γ˙(t0)
t
‖2
= − lim
t→0+
‖γ˙(t0 + t)‖2 − 2〈γ˙(t0 + t), γ˙(t0)〉+ ‖γ˙(t0)‖2
t2
(6)
= lim
t→0+
2〈γ˙(t0 + t), γ˙(t0)〉 − 2
t2
= lim
t→0+
2(cosh(δ(t))− 1)
t2
We also see that since limt→0+ δ(t) = 0 (and since δ(t) > 0 for t > 0), we can apply L’Hoˆspital’s
rule twice to obtain
lim
t→0+
δ(t)2
2(cosh(δ(t))− 1)
= lim
t→0+
2δ(t)
2sinh(δ(t))
= lim
t→0+
1
cosh(δ(t))
= 1
Combining this with (6), we obtain
1− κ(t0)
2 = lim
t→0+
2(cosh(δ(t))− 1)
t2
= lim
t→0+
2(cosh(δ(t))− 1)
t2
δ(t)2
2(cosh(δ(t))− 1)
= lim
t→0+
δ(t)2
t2
= lim
t→0+
(
δ(t)
t
)2
Taking square roots of the first and last term proves the claim.
We can therefore define the total displacement of the hyperplane Pt from Pt0 where t > t0 as
∆(t) = ∆t0(t) =
∫ t
t0
√
1− κ(s)2ds
If t0 < t1 < ... < tn = t is any partition of [t0, t], then the quantity
n∑
i=1
d(Pti−1 , Pti)
approximates ∆(t) from above; any refinement of the partition does not increase the sum. In
particular, ∆(t) ≤ d(Pt0 , Pt) ≤ d(γ(t0), γ(t)). It follows that if 0 <
1
λ
≤
√
1− κ(t)2, for all t, then
γ is a λ-quasi-geodesic.
That is, if
κ(t) ≤ K
for all t ∈ [a, b], then γ is a 1√
1−K2 -quasi-geodesic. This proves the first part of the lemma.
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In the proof of Proposition 5.9.2 of [35], Thurston shows that a λ-quasi-geodesic segment remains
a bounded distance from the geodesic with the same endpoints. Moreover, he shows that this bound
on the distance depends only on λ. It is clear that if λ0 < λ1 then the best bound does not increase.
However, the proof given does not imply that as λ approaches 1, then the best bound approaches
0. This is precisely what is needed to complete the proof.
We suppose therefore, that this best bound does not approach 0, and arrive at a contradiction.
So, there exists ǫ > 0 and a sequence {γj : [aj, bj ]→ Hn}∞j=1 so that each γj is a unit speed λj-quasi-
geodesic, dH(γj , gj) > ǫ where gj is the unique geodesic with the same endpoints as γj , and {λj}∞j=1
decreases to 1. Note that because each λj is bounded above by λ1, it must be that dH(γj , gj) < R
for some R > 0.
After reparameterizing each γj (keeping it unit speed, but ensuring that 0 ∈ (aj , bj)) and com-
posing with an isometry of Hn, we may assume that there is a geodesic line g in Hn containing a
point x0, such that gj ⊂ g and
ǫ < d(γj(0), g) = d(γj(0), x0) < R
By passing to a subsequence, we may further assume that as j → ∞, aj → a and bj → b (with
one or both of a or b possibly being infinite).
We now extend each γj to a map on all of R, by γj(t) = γj(bj) for t ∈ [bj,∞) and γj(t) =
γj(t) = γj(aj) for t ∈ (−∞, aj]. The set {γj} clearly forms a normal family, and so by passing to
a subsequence, we may assume that the {γj}∞j=1 converges uniformly on compact subsets, by the
Arzela-Ascoli Theorem.
Now we note that the limit γ, restricted to (a, b) must be a 1-quasi-geodesic, and so a geodesic.
Moreover, the ends must limit on g (or the boundary of g at infinity). This implies that γ ⊂ g. This
is a contradiction since γj(0) remains a distance at least ǫ from g, and hence so does γ(0). ✷
References
[1] C. Adams, Thrice-punctured spheres in hyperbolic 3-manifolds, Trans, Amer. Math. Soc.
287 (1985), 645–656.
[2] C. Adams, Toroidally alternating knots and links, Topology 33 (1994), 353–369.
[3] C. Adams, H. Bennett, C. Davis, M. Jennings, J. Novak, N. Perry and E. Schoenfeld Totally
Geodesic Surfaces in Hyperbolic Knot and Link Complements, preprint.
[4] C. Adams, J. Brock, J. Bugbee, T. Comar, K. Faigin, A. Huston, A. Joseph and D. Pesikoff
Almost alternating links, Topology Appl. 46 (1992), 151–165.
[5] C. Adams and E. Schoenfeld Totally Geodesic Seifert Surfaces for Hyperbolic Knot Com-
plements, preprint.
[6] C. Adams and A. Reid, Quasi-Fuchsian surfaces in hyperbolic knot complements, J. Austral.
Math. Soc. Ser. A 55 (1993), 116–131.
[7] I. R. Aitchison and J. H. Rubinstein, Incompressible surfaces and the topology of 3-
dimensional manifolds, J. Austral. Math. Soc. Ser. A 55 (1993), 1–22.
[8] A. Basmajian, Tubular neighborhoods of totally geodesic hypersurfaces in hyperbolic mani-
folds, Invent. Math. 117 (1994), 207–225.
[9] R. Benedetti and C. Petronio, Lectures on Hyperbolic Geometry, Springer-Verlag Berlin
Heidelberg, 1992.
26
[10] S. A. Bleiler and C. D. Hodgson, Spherical space forms and Dehn filling, Topology 35 (1996),
809–833.
[11] M. Boileau, B. Leeb, and J. Porti Uniformization of small 3-orbifolds, C. R. Acad. Sci. Paris
Se´r. I Math. 332 (2001), no. 1, 57–62.
[12] F. Bonahon, The geometry of Teichmu¨ller space via geodesic currents, Invent. Math. 92
(1988), 139–162.
[13] D. Cooper, C. D. Hodgson, and S. P. Kerckhoff Three-dimensional orbifolds and cone-
manifolds, MSJ Memoirs, 5, Mathematical Society of Japan, Tokyo, 2000.
[14] M. Culler, C. McA. Gordon, J. Luecke, and P. B. Shalen, Dehn surgery on knots, Annals of
Math. 125 (1987), 237–300.
[15] M. Do Carmo, Riemannian Geometry, Birkha¨user Boston, 1992.
[16] C. McA. Gordon, Links and their complements, Topology and geometry: commemorating
SISTAG, 71–82, Contemp. Math. 314, Amer. Math. Soc., Providence, RI, 2002.
[17] J. Hempel, 3-manifolds, Princeton University Press, Princeton NJ, 1976.
[18] C. D. Hodgson and S. P. Kerckhoff, Universal bounds for hyperbolic Dehn surgery, e-print
available at http://front.math.ucdavis.edu/math.GT/0204345.
[19] K. Ichihara and M. Ozawa, Hyperbolic knot complements without closed embedded totally
geodesic surfaces, J. Austral. Math. Soc. Ser. A 68, (2000), 379–386.
[20] R. Kirby, Problems in low-dimensional topology, in W. Kazez (Ed.), Geometric Toplogy
Proceedings of the 1993 Georgia International Topology Conference, AMS/IP Studies in Ad-
vanced Mathematics, Vol. 2.2, American Mathematical Society, Providence RI/International
Press, Cambridge, MA, 1997.
[21] H. Matsuda, Complements of hyperbolic knots of braid index four contain no closed embedded
totally geodesic surfaces, Topology Appl. 119 (2001), 1–15.
[22] C. Maclachlan, Fuchsian subgroups of the groups PSL2(Od), in Low Dimensional Topology
and Kleinian Groups, ed D.B.A. Epstein.
[23] C. Maclachlan and A. W. Reid, Parameterizing Fuchsian subgroups of the Bianchi groups,
Can. J. Math. 1 (1991), 158–181.
[24] W. Menasco and A. Reid, Totally geodesic surfaces in hyperbolic link complements, Topology
’90 (Columbus, OH, 1990), 215–226, Ohio State Univ. Math. Res. Inst. Publ., 1, de Gruyter,
Berlin, 1992.
[25] H. Moser, Proving a manifold to be hyperbolic once it has been approximated to be so,
preprint.
[26] J. R. Munkres, Topology, a first course, Prentice-Hall Inc., 1975.
[27] W. Neumann and A. Reid, The arithmetic of hyperbolic manifolds, Topology ’90, Proc. of
Low-dimensional Topology Conference, Ohio State Univ., De Gruyter (1991), 273–310.
[28] U. Oertel, Closed incompressible surfaces in complements of star links, Pacific J. Math. 111
(1984), 209–230.
27
[29] B. O’Neill, Elementary Differential Geometry, Academic Press, Inc., San Diego, 1966.
[30] J-P. Otal, Thurston’s hyperbolization of Haken manifolds, Surveys in differential geometry,
Vol. III (Cambridge, MA, 1996),77–194, Int. Press, Boston, MA, 1998.
[31] C. Petronio and J. Porti, Negatively oriented ideal triangulations and a proof of Thurston’s
hyperbolic Dehn filling theorem, Expo. Math. 18 (2000), 1–35.
[32] J. G. Ratcliffe, Foundations of Hyperbolic Manifolds, Springer-Verlag New York, Inc., 1994.
[33] A. W. Reid, Arithmeticity of knot complements, J. London Math. Soc. 43 (1991), 171–184.
[34] D. Rolfsen, Knots and Links, Publish or Perish, 1977.
[35] W. P. Thurston, The Geometry and Topology of 3-manifolds, Princeton University mimeo-
graphed notes (1979).
[36] W. P. Thurston, Three dimensional manifolds, Kleinian groups, and hyperbolic geometry,
Bull. Amer. Math. Soc. 6 (1982), 357–381.
[37] F. Waldhausen, On irreducible 3-manifolds which are sufficiently large, Ann. of Math. 87
(1968), 56–88.
[38] J. Weeks, ’SNAPPEA, the hyperbolic structures computer program’ (For a description, see
C. Adams, SNAPPEA: The Weeks’ hyperbolic 3-manifolds program, Notices Amer. Math.
Soc. 37 (1990), 273–275).
Address:
Department of Mathematics
Columbia University
2990 Broadway MC 4448
New York, NY 10027-6902
Phone: (512) 854-2431
email: clein@math.columbia.edu
28
